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SUPERSYMMETRIC YANG–MILLS, OCTONIONIC
INSTANTONS AND TRIHOLOMORPHIC CURVES
JM FIGUEROA-O’FARRILL, C KO¨HL, AND B SPENCE
Abstract. In four-dimensional gauge theory there exists a well-
known correspondence between instantons and holomorphic curves,
and a similar correspondence exists between certain octonionic
instantons and triholomorphic curves. We prove that this lat-
ter correspondence stems from the dynamics of various dimen-
sional reductions of ten-dimensional supersymmetric Yang–Mills
theory. More precisely we show that the dimensional reduction
of the (5+1)-dimensional supersymmetric sigma model with hy-
perka¨hler (but otherwise arbitrary) target X to a four-dimensional
hyperka¨hler manifold M is a topological sigma model localising
on the space of triholomorphic maps M → X (or hyperinstan-
tons). When X is the moduli space MK of instantons on a four-
dimensional hyperka¨hler manifold K, this theory has an interpre-
tation in terms of supersymmetric gauge theory. In this case, the
topological sigma model can be understood as an adiabatic limit
of the dimensional reduction of ten-dimensional supersymmetric
Yang–Mills on the eight-dimensional manifoldM ×K of holonomy
Sp(1)×Sp(1) ⊂ Spin(7), which is a cohomological theory localising
on the moduli space of octonionic instantons.
1. Introduction
There is increasing evidence of an underlying unifying structure in su-
perstring theory, M-theory. This is based on the continuing progress of
research on duality. Perhaps the boldest proposal yet to have emerged
from this duality revolution is the Matrix conjecture [4], which states
that M-theory can be described (at least in the infinite momentum
frame) by the dimensional reduction to one dimension of 10-dimen-
sional supersymmetric Yang–Mills (SYM9+1) in the limit in which the
rank of the gauge group goes to infinity. Despite some recent successes,
it is fair to say that we are still far from understanding M-theory com-
pactifications from a Matrix-theoretic point of view; but the results on
toroidal compactifications seem to suggest that the dimensional reduc-
tions of SYM9+1 play an important roˆle.
In this paper, we report the results of our continuing exploration
of dimensional reductions of SYM9+1 on curved riemannian manifolds.
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Reductions on manifolds of special holonomy give cohomological field
theories which localise on finite-dimensional moduli spaces. By tak-
ing certain geometric limits one obtains interesting relations involving
different moduli spaces. In the particular example we treat here, we
relate the moduli space of octonionic instantons in eight dimensions
in an adiabatic limit to triholomorphic curves, generalising the well-
known relationship in four dimensions between instantons and holo-
morphic curves. This rather rich interplay between solitonic physics
and complex geometry is thus seen to be a consequence of the under-
lying relationship with SYM9+1.
Whilst we do not explore here in detail the M-theory applications and
understanding of these results, it is clear that these will be based upon
an analysis of wrapped and intersecting D-branes. As perturbative
string propagation constrains the local geometry of the spacetime, so
D-branes probe the geometry of submanifolds, and in particular those
of minimal volume. A very important class of examples of minimal
submanifolds are the calibrated geometries introduced in [20] and re-
discovered in string theory as supersymmetric cycles [7]. It is thus not
a coincidence that such geometries are richest in those Ricci-flat mani-
folds possessing parallel spinors; that is, supersymmetric vacua. These
include the manifolds of reduced holonomy which we study here. The
relation between spinors and calibrations is of course well established
[19, 23]; but many of the applications to topology seem to be novel.
When a D-brane wraps around a supersymmetric cycle, it gives rise
to a solitonic state of the effective compactified theory. In fact, much
of the solitonic spectrum can be realised in this fashion. The mass of
the soliton is given in the simplest cases by the volume of the cycle and
the fact that the cycle is minimal is the geometric restatement of the
BPS condition. On the other hand we may focus on the effective theory
on the worldvolume of the D-brane, namely the dimensional reduction
of SYM9+1. The interesting phenomenon is that for curved euclidean
branes these theories are cohomological: the BRST symmetry being
essentially a supersymmetry with a parallel spinor as parameter. In
this fashion one can recover most known cohomological theories both in
dimension d ≤ 4 [9, 11] and in higher dimension [10, 1, 17]. In particular
this makes contact with the recent generalisations of Donaldson–Floer–
Witten theory to higher dimensions [13, 6, 5, 2].
This programme has thus far focused on supersymmetric gauge the-
ories and it is natural to ask if other cohomological field theories may
be understood in this manner. In this paper we will show that the four-
dimensional topological sigma model of Anselmi and Fre` [3] may indeed
also be understood, for some choices of target space, as arising from
wrapped euclidean D-branes. This observation has a remarkable conse-
quence: it allows us to understand a gauge theoretic result mentioned
in [13, 24] relating the moduli space of certain octonionic instantons in
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eight dimensions and triholomorphic curves, similar to the well-known
relation between four-dimensional instantons and holomorphic curves
[14, 15, 8].
This paper is organised as follows. We start in Section 2 by con-
sidering the six-dimensional supersymmetric sigma model with a hy-
perka¨hler target X . In Section 3 we dimensionally reduce this model
in one space and one time dimensions to four euclidean dimensions. In
Section 4 we consider the theory on a curved four-dimensional manifold
M . Only when M is also hyperka¨hler do we have any supersymmetry
left over. The remaining supercharges are BRST-like and one them
can be interpreted as the BRST operator in a topological sigma model
localising on the moduli space of triholomorphic maps M → X , or
hyperinstantons. This is the hyperka¨hler version of Gromov–Witten
theory, discussed by Anselmi and Fre` [3] in a different context. In Sec-
tion 5 we specialise the sigma model to the case in which X = MK
is the moduli space of Yang–Mills instantons on a hyperka¨hler four-
dimensional manifold K (e.g., a K3 surface), which is well-known to
be a hyperka¨hler manifold itself. In this case we show that the topo-
logical sigma model can also be obtained by dimensionally reducing
SYM9+1 on the eight-dimensional manifoldM×K in the limit in which
K becomes small. This reformulation sets up an isomorphism between
triholomorphic curves in the moduli space MK and a certain moduli
space of octonionic Yang–Mills instantons. We close the paper with
four technical appendices.
A foreword on notation. Our conventions will be as follows: throughout
the paper we will use the notation Ms+t to refer to (s+t)-dimensional
Minkowski space. In addition Ed = Md+0 will denote d-dimensional
euclidean space. Spinor notation will follow [23]. In particular, Cℓ(s, t)
denotes the Clifford algebra
ΓµΓν + ΓνΓµ = −2ηµν1 ,
where ηµν is diagonal with signature +s−t. Our notation for rep-
resentations of the spin groups is the following. The trivial, vector
and adjoint representations are denoted
∧0, ∧1, and ∧2 respectively.
The half-spin representations are denoted ∆ for odd-dimensional spin
groups and ∆± for the even-dimensional spin groups. We will make use
of the notation [ρ] to denote the underlying real representation of a com-
plex representation ρ with a real structure. In other words, ρ ∼= [ρ]⊗C.
Other group theory notation will be introduced as needed. Our con-
ventions for ǫAB are as follows. We take ǫ
12 = −ǫ21 = ǫ12 = −ǫ21 = +1.
We raise and lower indices using the “northeast” convention:
OA = ǫABO
B and OA = OBǫ
BA = −ǫABOB .
Therefore ǫA
B = ǫACǫ
CB = −δBA , and hence ǫABǫAB = 2.
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2. The six-dimensional supersymmetric sigma model
In this section we will review the supersymmetric sigma model in
M
5+1. The bosons in the supersymmetry sigma model are maps from
M
5+1 to a hyperka¨hler manifold X of (real) dimension 4n. Therefore
there are 4n real bosonic degrees of freedom, both on-shell as off-shell.
Normally the fermions in the sigma model would take values in (the
pull-back of) the tangent bundle TX of the target manifold. However
in this case, this prescription does not give rise to a match between
the bosonic and fermionic degrees of freedom. Because Spin(5, 1) is
isomorphic to SL(2,H), the smallest spinor in M5+1 is a Weyl spinor
which has 8 real components. 4n such spinors would have 32n real
components, reduced to 16n on-shell. We need to cut the dimension
by a factor of 4. This is accomplished in a manner we now detail.
2.1. Some hyperka¨hler geometry. The complexified tangent bun-
dle T
C
X of a hyperka¨hler manifold decomposes under the maximal
subgroup Sp(n) · Sp(1) ⊂ SO(4n) as T
C
X ∼= V ⊗ Σ, where Σ is a com-
plex two-dimensional Sp(1) bundle and V is a complex 2n-dimensional
Sp(n) bundle. These are associated to the fundamental representations
λ1 of Sp(n) and σ1 of Sp(1). Indeed, under Sp(n) · Sp(1) ⊂ SO(4n),
the vector representation of SO(4n) obeys
∧1 ∼= [λ1 ⊗ σ1].
The holonomy being Sp(n) means that the above decomposition of
T
C
X is preserved under parallel transport and, in addition, that Σ is
a trivial bundle. The canonical real structure of T
C
X is the product of
the natural quaternionic structures in Σ and V . Because the spinor rep-
resentations ∆± of Spin(5, 1) also possess a quaternionic structure, the
tensor products ∆±⊗λ1 and ∆±⊗σ1 possess real structures. Therefore
we will be able to impose reality conditions on the fermions and on the
supersymmetry parameters respectively.1 The representation ∆± ⊗ λ1
is complex 8n-dimensional. The reality condition leaves 8n real com-
ponents which gives 4n physical degrees of freedom for the spinors,
matching the number of bosonic physical degrees of freedom. Similarly
∆± ⊗ σ1 is complex eight-dimensional and the reality condition leaves
the expected 8 real components of the supercharge.
We now introduce some notation to describe the fields in the sigma
model. First we have 4n bosons φi which are coordinates of the tar-
get manifold. The isomorphism T
C
X ∼= V ⊗ Σ is given explicitly by
objects γiAa. Here A,B, . . . are Sp(1) indices associated with the rep-
resentation σ1 and take the values 1 and 2, whereas a, b, . . . are Sp(n)
indices associated with λ1 and run from 1 to 2n. The bundle Σ being
trivial allows a constant Sp(1)-invariant symplectic form ǫAB; whereas
V admits an Sp(n)-invariant symplectic form ωab. In terms of these
1Such spinors are known as symplectic Majorana–Weyl spinors, and they exist
in spacetimes of signature (s, t) with s− t = 4 mod 8.
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symplectic forms, the metric gij on X can be written as:
gijγ
i
Aaγ
j
Bb = ǫABωab . (1)
Because the holonomy lies in Sp(n), not just the metric g, but also the
symplectic forms ǫ and ω are parallel; whence so are the maps γiAa. We
choose to trivialise Σ globally and put on it the zero connection. This
way any constant section is parallel.
We now record some identities that will prove useful in the sequel.
The maps γiAa being parallel imply
∂jγ
i
Aa = Γˆj
b
aγ
i
Ab − Γj ikγkAa , (2)
where Γˆj
b
a is the reduction to Sp(n) of the riemannian connection on
X . Using this equation and equation (1) one deduces that
Γˆi
b
a =
1
2
γAbk ∂iγ
k
Aa +
1
2
γAbk Γi
k
jγ
j
Aa .
We define the Sp(n) curvature by
Rˆij
b
c ≡ ∂iΓˆjbc − ∂jΓˆibc + ΓˆibdΓˆjdc − ΓˆjbdΓˆidc ;
whence
Rˆij
b
a =
1
2
Rij
k
ℓ γ
Ab
k γ
ℓ
Aa . (3)
The hyperka¨hler curvature tensor is the totally symmetric tensor Ωabcd
defined by:
Ωabcd =
1
4
ǫABǫCDγiAaγ
j
Bbγ
k
Ccγ
ℓ
DdRijkℓ . (4)
Therefore using (3) one finds that
Rˆijabγ
i
Ccγ
j
Dd = ΩabcdǫCD . (5)
2.2. The action and the supersymmetry algebra. As a real al-
gebra, the Clifford algebra Cℓ(5, 1) is isomorphic to Mat4(H). This
means that the irreducible representation of Cℓ(5, 1) is a complex eight-
dimensional representation with a quaternionic structure. The ΓˆM , for
M = 0, 1, . . . , 5, are then complex 8 × 8 matrices. The charge conju-
gation matrix Cˆ obeys Cˆt = −Cˆ and ΓˆtM = +CˆΓˆM Cˆ−1. The chirality
operator Γˆ7 ≡ Γˆ0Γˆ1 · · · Γˆ5 obeys Γˆ27 = +1. This means that the repre-
sentations ∆± of Spin(5, 1) will inherit the quaternionic structure.
We can now write down the following lagrangian (see Appendix A
for the derivation)
L = 1
2
gij∂Mφ
i∂Mφj + 1
2
ωabΨ¯
aΓˆMDMΨ
b
− 1
48
Ωabcd(Ψ¯
aΓˆMΨ
b)(Ψ¯cΓˆMΨd) . (6)
In this expression, the Ψa are positive-chirality spinors satisfying a
symplectic Majorana condition spelled out in [18]. For the present
purposes it is enough to think of Ψa as transforming under the rep-
resentation [∆+ ⊗ λ1] of Spin(5, 1)× Sp(n). It should be emphasised,
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however, that these symmetries are of a different kind: Spin(5, 1) is a
global symmetry of the theory, whereas Sp(n) is local: being what dif-
feomorphisms of X induce once the tangent bundle has been reduced
to Sp(n). The conjugate Ψ¯a is given by Ψ¯a = (Ψa)tCˆ. Finally, the
covariant derivative is given by
DMΨ
a = ∂MΨ
a + Γˆi
a
b∂Mφ
iΨb .
The above lagrangian is invariant under supersymmetry transforma-
tions:
δεφ
i = γiAaε¯
AΨa
δεΨ
a = γAai Γˆ
M∂Mφ
iεA − ΓˆiabδεφiΨb ,
=⇒ δεΨ¯a = γAai ∂Mφiε¯AΓˆM − ΓˆiabδεφiΨ¯b , (7)
where εA is a constant negative-chirality Weyl spinor with values in
Σ also subject to a symplectic Majorana condition (see [18]) which
we summarise simply by saying that εA transforms according to the
representation [∆− ⊗ σ1] of Spin(5, 1) × Sp(1). Therefore, as for Ψa,
ε¯A =
(
εA
)t
Cˆ. The Noether current generating the supersymmetry is
given by
SAM = ωabγ
Ab
i ∂Nφ
iΓˆN ΓˆMΨa .
3. Dimensional reduction to four dimensions
In this section we describe the dimensional reduction of the super-
symmetric sigma model from M5+1 to E4 and its extension to a four-
dimensional hyperka¨hler manifold.
3.1. Properties of spinors. The supersymmetric sigma model de-
scribed by equation (6) is invariant under the Lorentz group SO(5, 1).
Upon reduction to E4, this symmetry breaks down to SO(4)×SO(1, 1).
The Clifford algebra Cℓ(5, 1) is isomorphic to Cℓ(4, 0)⊗Cℓ(1, 1) and we
can choose our Γ-matrices in a way that they reflect this isomorphism:
Γˆm = Γm ⊗ σ3 Γˆ0 = 1⊗ σ1 and Γˆ5 = 1⊗ (−iσ2) ,
where m runs from 1 to 4, and Γm are the generators of Cℓ(4, 0).
The chirality operator Γˆ7 in such a representation is given by Γ5 ⊗
σ3. Therefore the positive chirality spinor Ψ
a can be written as Ψa =
(ψa+ ψ
a
−
)t, where Γ5ψ
a
±
= ±ψa
±
. Similarly the supersymmetry parameter
εA = (εA
−
εA+)
t, with ± again referring to the four-dimensional chirality.
The charge conjugation matrix Cˆ is given by C ⊗ σ1, where C is the
charge conjugation matrix in E4 and satisfies Ct = −C and Γtm =
−CΓmC−1. We can organise our fields in terms of representations of
Sp(n)×Spin(4)×SO(1, 1). In fact, it is more convenient to consider the
following group G = Sp(n)×Sp(1)T×Sp(1)+×Sp(1)−×SO(1, 1), where
the maximal subgroup Sp(n)× Sp(1)T ⊂ Spin(4n) is the symmetry of
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the target space X , and Sp(1)+×Sp(1)−×SO(1, 1) is what is left of the
Lorentz group SO(5, 1) after dimensional reduction. This is convenient
bookkeeping, but it has to be kept in mind that the above groups play
different roˆles. For example, Sp(n) is a gauge symmetry – essentially
diffeomorphisms of the target space once the group of the frame bundle
has been reduced to Sp(n); Sp(1)T , the centraliser of Sp(n) in SO(4n),
is a rigid symmetry of the target space; whereas Sp(1)± and SO(1, 1)
are rigid symmetries of the ‘spacetime’. The fields and parameters
transform as follows under G:
φi [λ1 ⊗ σ1 ⊗ 1⊗ 1]0
ψa+ [λ
1 ⊗ 1⊗ σ1 ⊗ 1]+1
ψa
−
[λ1 ⊗ 1⊗ 1⊗ σ1]−1
εA+ [1⊗ σ1 ⊗ σ1 ⊗ 1]−1
εA
−
[1⊗ σ1 ⊗ 1⊗ σ1]+1 ,
where the notation conforms with the one introduced earlier, 1 denotes
the trivial one-dimensional representation, and the subscript denotes
the charge of the corresponding real one-dimensional representation of
SO(1, 1). In all the cases considered above, the real structures alluded
to by the square brackets are obtained from the real and quaternionic
structures of the factors.
3.2. Dimensional Reduction. It is now time to write down the ac-
tion in terms of the new fields. We are setting ∂0 = ∂5 = 0. This means
that also D0 = D5 = 0. The bosonic term of the action (6) becomes
LB =
1
2
gij∂mφ
i∂mφ
j .
In order to write down the fermionic terms, we notice that Ψ¯a =
(ψ¯a
−
ψ¯a+), whence the quadratic term in the action can be written (up
to a total derivative) as
L
(2)
F = −ωabψ¯a+ΓmDmψb− .
Finally the quartic terms in the action are given by
L
(4)
F = − 112Ωabcd
(
ψ¯a
−
Γmψ
b
+ ψ¯
c
−
Γmψ
d
+ − ψ¯a+ψb+ ψ¯c−ψd−
)
. (8)
This action is invariant under the following supersymmetry transfor-
mations:
δεφ
i = γiAa
(
ε¯A+ψ
a
+ + ε¯
A
−
ψa
−
)
δεψ
a
+ = γ
Aa
i ∂mφ
iΓmε−A − Γˆiabδεφiψb+
δεψ
a
−
= −γAai ∂mφiΓmε+A − Γˆiabδεφiψb− . (9)
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4. A cohomological theory for hyperinstantons
In this section we define the dimensionally reduced theory not on
E
4 but on a four-dimensional spin manifold M . As usual the theory
extends by covariantising the derivatives, but the supersymmetry trans-
formations will not be a symmetry unless the parameter is covariantly
constant; whence M must admit parallel spinors. In 4 dimensions, this
means that M is hyperka¨hler or flat. The flat case is not interesting
for our present purposes since the holonomy is trivial and we cannot
guarantee that the supersymmetry will square to zero (even on shell
and up to ‘gauge’ transformations: here diffeomorphisms on X or local
Sp(n) transformations). Therefore we will assume from now on that
M is a four-dimensional hyperka¨hler manifold. For example we could
choose X to be an ALE space or K3; although the present analysis is
general. Reducing on such a manifold we will arrive at the topological
sigma model introduced by Anselmi and Fre` [3].
4.1. The theory on a hyperka¨hler manifold. The holonomy of
a generic four-dimensional riemannian manifold is SO(4) ∼= Sp(1) ·
Sp(1). For a hyperka¨hler manifold, the holonomy reduces to one of
the Sp(1) factors. If we identify the Lie algebra so(4) with the adjoint
representation
∧2, then the split so(4) ∼= sp(1)× sp(1) corresponds to
the vector space decomposition
∧2 = ∧2+⊕∧2− into self-dual and anti-
self-dual two-forms. We will write SO(4) = Sp(1)+ · Sp(1)− to reflect
this fact. The spin cover is a direct product Spin(4) = Sp(1)+×Sp(1)−
which agrees with the notation in Section 3.1.
For definiteness we choose the holonomy group to be Sp(1)+. This
means that the negative chirality spinors are singlets of the holonomy
group and hence ‘scalars’ in the new theory. The surviving supersym-
metry will then be the one with εA
−
as parameter. We will let θA be a
commuting parallel spinor on M . The index A is a Sp(1)T index which
we carry simply to remind ourselves that θA obeys a reality condition
involving ǫAB. Notice that for commuting spinors θ¯AθB = −θ¯BθA,
whence
θ¯AθB = 1
2
ǫCD θ¯
CθD ǫAB = 1
2
θ¯CθCǫ
AB .
We choose to normalise θ¯AθA = 2, whence θ¯
AθB = ǫAB. In terms of
this commuting spinor, we can write the surviving supersymmetry pa-
rameter εA
−
= εθA, where ε is an anticommuting parameter. Notice
that θA has four real components, whence we have four scalar super-
charges. The supersymmetry transformations that we will write down
are generated by a particular linear combination, which if necessary
may be broken down into its constituents. In fact, it is easy to see
that the independent supersymmetries are given by the combinations
Q− = θ¯
AQA− and Q
AB
−
= θ¯(AQ
B)
− ; the former being the scalar super-
symmetry relevant to our deliberations here.
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In order to write the action and the BRST symmetry it will be
convenient to decompose our fields into irreducible representations of
the holonomy group. To this end, the parallel spinor proves very useful.
Indeed, let us define the following fields:
ξAa ≡ θ¯Aψa
−
and χAam ≡ θ¯AΓmψa+ .
In order to invert these definitions it will be necessary to use the ubiq-
uitous Fierz identity:
θAθ¯B = −1
4
ǫAB (1− Γ5)− 18KABmnΓmn , (10)
where we have defined
K
AB
mn ≡ θ¯AΓmnθB . (11)
It obeys the following relations:
K
AB
mn = K
BA
mn and K
AB
mn =
1
2
ǫmnpqK
AB
pq . (12)
In other words, KABmn transforms under the representation
∧2
+⊗σ2 of
SO(4)× Sp(1)T , where σ2 ≡
⊙2 σ1 is the adjoint representation.
The field χAam defined above has more degrees of freedom than ψ
a
+,
whence we expect that it obeys a constraint. In fact, it does:
Kmn
A
Bχ
Ba
n = −3χAam , (13)
where we have used that θC θ¯
C = 1
2
(1 − Γ5), which follows from the
Fierz identity (10). Using this fact, we may invert the definition of χAam
to deduce
ψa+ = −14χAam ΓmθA =⇒ ψ¯a+ = 14χAam θ¯AΓm .
Similarly, contracting ξAa with θA we get
ψa
−
= ξAaθA =⇒ ψ¯a− = θ¯AξAa .
One might be tempted to define the field BAamn ≡ θ¯AΓmnψa−, but in
view of the last equation, BAamn would be simply re-expressed in terms
of ξAa: BAamn = Kmn
A
Bξ
Ba.
4.2. A cohomological theory. We can now write the theory in terms
of the new fields and check that the remaining supersymmetry does
indeed square to zero (at least on-shell). We first rewrite the action in
terms of the new fields.
Clearly LB does not change, whereas the quadratic term L
(2)
F be-
comes
L
(2)
F = ωabǫABχ
Aa
m Pmn
B
CDnξ
Cb .
where P is the projector onto those χAam which obey (13). This projector
can be found as follows. Using the Fierz identity (10), one can show
that
Kmn
A
BKnp
B
C = 3δmpδ
A
C − 2KmpAC , (14)
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from where it follows that the map K has eigenvalues 1 and −3. The
projector onto the −3 eigenspace, to which χAam belongs, is then given
by
Pmn
A
B =
1
4
(
δmnδ
A
B − KmnAB
)
.
The quartic terms are a little more complicated. We record here the
following expressions
ψ¯a
−
ψb
−
= ǫABξ
AaξBb
ψ¯a+ψ
b
+ =
1
4
ǫABχ
Aa
m χ
Bb
m
ψ¯a
−
Γmψ
b
+ = ǫABξ
AaχBbm ,
where we have once again used (13) in the last two lines. It is now a
simple matter to plug these expressions into (8) to obtain
L
(4)
F =
1
16
ǫABǫCD Ωabcd χ
Aa
m χ
Bb
m ξ
CcξDd .
The action L = LB + L
(2)
F + L
(4)
F is invariant under the following
fermionic symmetry, obtained from (9) after putting εA+ = 0 and ε
A
−
=
εθA:
δφi = γiAaξ
Aa ≡ ξi
δχAam = Pmn
A
B
(
−4γBai ∂nφi − ΓˆiabξiχBbn
)
δξAa = −ΓˆiabξiξAb . (15)
Notice that we have dropped the explicit dependence of ε and hence
understand δ as a fermionic symmetry from now on.
Let us check δ2 on the fields. Remembering that γiAa depends on φ
i,
we obtain
δ2φi = ∂jγ
i
Aaξ
jξAa − γiAaΓˆjabξjξAb
= −Γj ikξjξk , (by (2))
which vanishes because the Levi-Civita connection is torsionless. Writ-
ing ξAa for γAai ξ
i and using that δ2 is a derivation we see that δ2ξAa =
(δ2γAai )ξ
i + γAai δ
2ξi; but this vanishes since δξi = δ2φi = 0. Finally,
we tackle δ2χAam . It will turn out that this is zero up to equations of
motion, which provides a double-check of the factor of the quartic term
in the action. A little calculation yields
δ2χAam = −4PmnABDnξBa − 12RˆijabξiξjχAbm .
On the other hand, under a variation of χAam , the action varies like
δL = ǫABδχ
Aa
m
(
ωabPmn
B
CDnξ
Cb + 1
8
ǫCDΩabcdχ
Bb
m ξ
CcξDd
)
In other words, putting χAam on shell, means imposing the equation of
motion:
Pmn
B
CDnξ
C
a = −18ǫCDΩabcdχBbm ξCcξDd ;
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whence the second variation of χAam is given on shell by
δ2χAma =
1
2
ǫCDΩabcdχ
Ab
m ξ
CcξDd − 1
2
Rˆij
a
bξ
iξjχAbm .
But this is zero by equation (5).
In order to make δ2χAam = 0 on shell, it is necessary to introduce a
bosonic auxiliary field HAam and define
δχAam = H
Aa
m − ΓˆiabξiχAbm
δHAam =
1
2
Rˆij
a
bξ
iξjχAbm − ΓˆiabξiHAbm ,
where the last line is such that δ2χAam = 0. For this transformation to
make sense, HAam must satisfy the analogous constraint to (13):
Kmn
A
BH
Ba
n = −3HAam .
To show that δ2HAam = 0 it suffices to express H
Aa
m in terms of δχ
Aa
m
and to use the fact that δ2 is a derivation which has been shown to be
zero already on χAam , φ
i and ξi. In summary, δ2 = 0 off shell.
This means that we should be able to write the action as a ‘topolog-
ical’ term plus a term δΞ, for some ‘gauge fermion’ Ξ, which because
δ2 = 0 will be δ-invariant. Indeed, consider the following expression
Ξ = −1
8
ǫABωabχ
Aa
m
(
HBbm + 8γ
Bb
i ∂mφ
i
)
.
Its variation is given by
δΞ = −1
8
ǫABωabH
Aa
m
(
HBbm + 8γ
Bb
i ∂mφ
i
)
+ ǫABωabχ
Aa
m Dmξ
Bb
+ 1
16
ǫABǫCDΩabcdχ
Aa
m χ
Bb
m ξ
CcξDd ,
where we have once again used (5). Varying with respect to HAam we
see that its equation of motion is algebraic, with solution:
HAam = −4PmnABγBai ∂nφi ,
consistent with the supersymmetry variation of χAam given in (15). Plug-
ging this back into δΞ we obtain
δΞ = 2ωabPmnABγ
Aa
i γ
Bb
j ∂mφ
i∂nφ
j
+ ǫABωabχ
Aa
m Dmξ
Bb + 1
16
ǫABǫCD Ωabcd χ
Aa
m χ
Bb
m ξ
CcξDd ;
whence it follows that
L = 1
2
ωabKmnABγ
Aa
i γ
Bb
j ∂mφ
i∂nφ
j + δΞ .
This action was discovered by Anselmi and Fre` [3] by the more tradi-
tional method of gauge fixing a topological symmetry. Here we have re-
discovered it simply as the dimensional reduction of the six-dimensional
supersymmetric sigma model on a four-dimensional hyperka¨hler man-
ifold.
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4.3. Topological interpretation. In order to elucidate the topolog-
ical meaning of this theory, it is first of all convenient to redefine our
fields slightly. To this end let us define
χim = γ
i
Aaχ
Aa
m and H
i
m = γ
i
AaH
Aa
m ,
subject to the constraints
hnpKmn
i
jχ
j
p = −3χim and hnpKmnijHjp = −3H im ,
where
Kmn
i
j = Kmn
A
Bγ
i
Aaγ
Ba
j , (16)
and where we have introduced a metric hmn on M . In terms of these
fields, the action in curved space becomes
S =
∫
M
d4x
√
hhmn
(
1
2
gij∂mφ
i∂nφ
j + gijχ
i
mDnξ
j + 1
16
Rijkℓχ
i
mχ
j
nξ
kξℓ
)
.
This action is invariant under the following fermionic symmetry:
δφi = ξi δξi = 0
δχim = H
i
m − Γj ikξjχkm δH im = 12Rjkiℓξjξkχℓm − Γj ikξjHkm .
Defining the integrated gauge fermion Θ by
Θ = −1
8
∫
M
d4x
√
hgijh
mnχim
(
Hjn + 8∂nφ
j
)
,
we have that after solving for the auxiliary field H im, the action is
written as S = Stop + δΘ, where
Stop =
1
2
∫
M
d4x
√
hgijh
mnhpq∂mφ
i
Knp
j
k∂qφ
k .
Standard arguments now show that this cohomological theory lo-
calises on the moduli space of maps φ : M → X satisfying the following
condition:
hnpKmn
i
j∂pφ
j = ∂mφ
i , (17)
namely that the projector P annihilates ∂mφ
i. It is easy to prove that
maps φ : M → X satisfying this condition minimise the sigma model
action:
S[φ] = 1
2
‖dφ‖2 ≡ 1
2
∫
M
d4x
√
hhmngij∂mφ
i∂nφ
j .
Indeed consider the inequality
‖dφ− K dφ‖2 ≥ 0 .
Expanding and using equation (14) we find that
S[φ] ≥ Stop ,
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with equality holding if and only if equation (17) is satisfied. Such
maps are called hyperinstantons in [3]. Because Stop is an absolute
minimum of the action, it should be a homotopy invariant. We will see
that this is indeed the case.
These maps are also called triholomorphic by analogy with the case
of two-dimensional topological sigma models. In order to understand
this better it is necessary to look a little closer at the map K. As shown
in Appendix B, Kmn
i
j can be written as
Kmn ij = −Aαβ IαmnJβij , (18)
where Iαmn and J
α
ij are the Ka¨hler forms corresponding to the complex
structures in M and X respectively, α and β run from 1 to 3, and Aαβ
are the entries of a matrix in SO(3). The value of this matrix is not
significant, as it will change for a different choice of parallel spinors. We
can explain its appearance as follows. The choice of complex structures
on a hyperka¨hler manifold is not canonical. The only object that has
any invariant meaning is the two-sphere of complex structures. Any
two choices of complex structures will be related precisely by a matrix
Aαβ in SO(3). Plugging the expression (18) for K into (17), we find
−Aαβ (Iα)mn(Jβ)ij∂nφj = ∂mφi , (19)
which has the following interpretation
Aαβ J
β ◦ φ∗ ◦ Iα = −φ∗ , (20)
where φ∗ : TM → TX is the tangent map. This equation is a quater-
nionic analogue of the Cauchy–Riemann equation defining holomorphic
maps. Thus we way that a map φ : M → X between hyperka¨hler
manifolds is triholomorphic if its derivative obeys (20) for some ma-
trix Aαβ ∈ SO(3), and when M is four-dimensional we call its image
φ(M) ⊂ X a triholomorphic curve.
It is possible to choose complex structures Iα for M and Jα for X in
such a way that the matrix Aαβ becomes the identity matrix. In this
case, the triholomorphicity condition becomes∑
α
J
α ◦ φ∗ ◦ Iα = −φ∗ .
One might be tempted to think that a more sensible notion of tri-
holomorphicity would demand that φ∗ commutes with the action of
all three complex structures, just like for holomorphic maps; but the
nonexistence of a preferred point in the two-sphere of complex struc-
tures means that there is no way to canonically identify the two-spheres
of complex structures in M and X . Even if we take M and X with
a fixed hyperka¨hler structure, the resulting equations would form an
overconstrained system, whereas equation (19) is elliptic.
As a final remark, let us show that Stop is indeed a homotopy in-
variant. From the explicit expression (18) for K, we can write Stop as
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follows:
Stop = −12
∫
M
d4x
√
hhmnhpqAαβI
α
npJ
β
ij∂mφ
i∂qφ
j .
Using the self-duality of the Ka¨hler forms Iαmn on M , we can write this
more invariantly as
Stop = −
∫
M
Aαβ I
α ∧ φ∗Jβ ,
which is clearly a homotopy invariant since the two-forms Iα and Jα
are closed.
5. Octonionic instantons and triholomorphic curves
In this section we specialise to the case where the target space X is
the moduli space MK of Yang–Mills instantons of a four-dimensional
hyperka¨hler manifold K and in this way we will recover a gauge-
theoretical result mentioned in [13, 24]. This is the higher-dimensional
analogue of the relation between instantons and holomorphic curves
in four-dimensional gauge theory [14, 15, 8]. This relation says the
following. Consider Yang–Mills theory on a four-manifold Σ1 × Σ2,
where Σi are two-dimensional surfaces. Rescaling the metric of Σ2, we
find that in the limit of zero size, instantons on Σ1 × Σ2 are in one-
to-one correspondence with holomorphic curves φ(Σ1) in the moduli
space of flat connections on Σ2. The higher-dimensional analogue of
this relation, which we will discuss here, concerns octonionic instantons
on the eight-dimensional manifold M × K where both M and K are
four-dimensional hyperka¨hler manifolds. In the limit of shrinking K,
these instantons are in one-to-one correspondence with triholomorphic
curves φ(M) on the moduli space MK of instantons.
The way we derive this result is summarised in Figure 1. The starting
point is ten-dimensional supersymmetric Yang–Mills theory (SYM9+1).
On the one hand, corresponding to the left-hand side of the Figure, we
can dimensionally reduce it to six dimensions on a small four-dimen-
sional hyperka¨hler manifold K. The adiabatic limit of this theory is
the supersymmetric sigma model on the instanton moduli space MK ,
which is well-known to possess a hyperka¨hler metric. This means that
we can apply the results from the previous section. As shown above,
the six-dimensional supersymmetric sigma model (Sσm) with target
MK , dimensionally reduced on a four-dimensional hyperka¨hler mani-
fold M is a topological sigma model (Tσm) localising on the moduli
space of triholomorphic maps M → MK , or hyperinstantons. On the
other hand, corresponding to the right-hand side of the Figure, we can
reduce SYM9+1 directly on the eight-dimensional manifold M × K of
holonomy Sp(1) × Sp(1) ⊂ Spin(7). As shown in [1, 10] the result-
ing cohomological theory localises on the moduli space of octonionic
instantons. Taking the adiabatic limit in which K shrinks to zero
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SYM9+1
SYM9+1 M
5+1 × εK
lim
ε→0
Sσm6 M
5+1 →MK
Sσm4 M →MK
✬
✫
✩
✪
triholomorphic
maps M →MK
SYM8 Y
Hol(Y ) ⊂ Spin(7)
SYM8 M × εK
✬
✫
✩
✪
octonionic
instantons
lim
ε→0
❄
❄
❄
localising on
❄
❄
localising on
✛
✲
Figure 1. The correspondence between octonionic in-
stantons and triholomorphic curves starting from ten-
dimensional supersymmetric Yang–Mills.
size, our argument shows that we recover the topological sigma model
M →MK . We will also see this directly.
5.1. Supersymmetric Yang–Mills and hyperinstantons. Let us
start with SYM9+1 and reduce it on M
5+1 × K, where K is a four-di-
mensional hyperka¨hler manifold. If K is not flat, then it preserves
only one half of the supersymmetry. In the limit in which K shrinks to
zero size, the resulting effective theory is a six-dimensional theory with
eight real supercharges. We will argue that this is a supersymmetric
sigma model with target space the instanton moduli space MK on K.
Parenthetically, this shows that MK admits a hyperka¨hler metric, a
fact that is well-known and can of course be proven without recourse
to supersymmetry. We will actually show that the bosonic sector of
the effective six-dimensional theory is a sigma model on the instan-
ton moduli space. Together with the fact that the effective theory
is supersymmetric, this means that the only natural candidate is the
supersymmetric sigma model. A fuller treatment is possible but falls
outside the scope of the present paper.
Let us consider the bosonic sector of SYM9+1 on M
5+1 ×K, which is
described by the Yang–Mills action. In differential form notation we
will refer to the components of the gauge field along M ≡ M5+1 and K
as A
M
and AK respectively. They take values in a Lie algebra g with a
16 FIGUEROA-O’FARRILL, KO¨HL, AND SPENCE
fixed invariant metric denoted by Tr. The Yang–Mills action on M×K
can be written as
LYM =
1
4
‖FK‖2 + 12‖dMAK −DKAM‖2 + 14‖FM‖2 ,
where FK and FM are the components of the field-strength along the
K and M directions respectively, d and D stand for the exterior and
exterior covariant derivatives respectively, and ‖ ‖2 is the pointwise
norm on forms including also the metric on the Lie algebra, e.g.,
‖FK‖2 = TrFK ∧ ⋆FK ,
with ⋆ being the Hodge operator in M×K. We now take the limit in
which K shrinks to zero size; that is, we rescale the metric on K by a
parameter ε. Performing this rescaling we see that LYM scales as
L
(ε)
YM
= 1
4
‖FK‖2 + 12ε‖dMAK −DKAM‖2 + 14ε2‖FM‖2 . (21)
Setting ε = 0 only the first term survives. This term has no deriva-
tives along M whence it is to be understood as an effective potential.
The minima of this potential are precisely the instantons on K. The
effective theory on M induced by L
(ε=0)
YM
has therefore no dynamics. In
order to obtain a nontrivial effective theory we must consider the next
term in the perturbative ε expansion. In this term, the field A
M
has
no derivatives along M, and hence it plays the roˆle of an auxiliary field.
Its only effect is to cancel the components of d
M
AK which lie in the
image of DK—that is, which are tangent to the orbits of the gauge
group. In other words, this leaves a theory of maps from M to the in-
stanton moduli space MK on K. We will now show that this theory is
a sigma model. The following discussion assumes familiarity with the
local geometry of the instanton moduli spaceMK , which is summarised
in Appendix D.
We will let xµ for µ = 0, 1, . . . , 5 denote the coordinates on M and
ym for m = 1, 2, 3, 4 denote the coordinates on K. Let Aµ(x, y) and
Am(x, y) denote the different components of the gauge fields. Min-
imising the action at ǫ = 0 means that FK is self-dual or anti-self-
dual. Let us take for definiteness the case that FK is self-dual. For
fixed x, Am(x, y) is a self-dual gauge field, so it defines a map from
M to the space of self-dual connections A+. In turn, a self-dual gauge
field Am defines a map φ=[A] : M → MK defined by the composition
M→ A+ →MK , where the second map is the natural projection send-
ing a connection to its gauge equivalence class and the first map is the
one induced by Am. Then we can break ∂µAm according to (38) as
follows:
∂µAm(x, y) = ∂µφ
A(x)δAAm +Dmǫµ , (22)
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where δAAi are the components tangent to MK and ǫµ are some gauge
parameters which are given in terms of ∂µAm by solving
DmDmǫµ = Dm∂µAm .
We now insert (22) into the second term in (21) and we obtain
1
2
∫
M
d6x 〈δAA, δBA〉 ∂µφA∂µφB
+ 1
2
∫
M
d6x
∫
K
d4y
√
gK Tr (Dm(ǫµ −Aµ))2 .
The second term can be discarded after shifting Aµ and integrating it
out. The first term is the action of a sigma model of maps φ : M→MK ,
with metric given by (40); that is,
Seffbosonic =
1
2
∫
M
d6xGAB(φ)∂µφ
A∂µφB .
In other words the bosonic term of the effective action is a sigma model
with target the moduli space of instantons MK on K. The fermionic
terms make up a supersymmetric theory with 8 real supercharges. It
can be argued that the unique such theory whose bosonic term is the
sigma model is the supersymmetric sigma model on MK . Incidentally,
this proves that the metric GAB(φ) given by (40) is hyperka¨hler.
We are now in a position to apply the results described in the previ-
ous sections and reduce the theory on a four-dimensional hyperka¨hler
manifold M . The resulting cohomological field theory is the topolog-
ical sigma model of [3] which localises on the space of triholomorphic
maps M →MK ; that is, on the hyperinstantons.
5.2. Supersymmetric Yang–Mills and octonionic instantons.
On the other hand we can reduce SYM9+1 directly on the manifoldM×
K and then take the adiabatic limit. This eight-dimensional manifold
has holonomy Sp(1) × Sp(1) ⊂ Spin(7); hence by the results of [1]
(see also [10]), the reduction of SYM9+1 to M ×K is a cohomological
theory which localises on the moduli space of octonionic instantons.
This cohomological theory was originally discussed in [6, 5, 2] from a
different perspective.
On an eight-manifold Y of Spin(7) holonomy, there exists a self-dual
parallel four-form Ω. Relative to a local Spin(7) coframe {ωa}, Ω is
given by
Ω = ω1234 + ω1258 − ω1267 + ω1357 + ω1368 − ω1456 + ω1478
+ ω2356 − ω2378 + ω2457 + ω2468 − ω3458 + ω3467 + ω5678 ,
where we have used the shorthand ωabcd = ωa∧ωb∧ωc∧ωd. This four-
form is intimately linked with the octonion algebra (see, e.g., [20]); but
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for our present purposes its most interesting property is that it can be
used to define an endomorphism of the two-forms:
F 7→ ⋆(Ω ∧ F ) , or in components Fab 7→ 12ΩabcdFcd .
The octonionic instanton equations are given by the following linear
equations on the curvature [12, 25],
Fab =
1
2
ΩabcdFcd . (23)
Relative to the local frame above, these equations expand to
F12 − F34 − F58 + F67 = 0
F13 + F24 − F57 + F68 = 0
F14 − F23 + F56 − F78 = 0
F15 + F28 + F37 − F46 = 0 (24)
F16 − F27 + F38 + F45 = 0
F17 + F26 − F35 + F48 = 0
F18 − F25 − F36 − F47 = 0 .
It is possible to show that these equations are the zero locus of an oc-
tonionic moment map defined by the action of the gauge group on the
space of gauge fields and thus that the moduli space of octonionic in-
stantons can be exhibited as an infinite-dimensional octonionic Ka¨hler
quotient [16], at least when the eight-dimensional manifold is flat.
We now consider the manifold M × K. Each M and K are hy-
perka¨hler four-dimensional manifolds, hence they have each a triplet of
parallel two-forms corresponding to the Ka¨hler forms of the hyperka¨hler
structure. Depending on the orientation, they can be chosen to be self-
dual or anti-self-dual. We will fix the orientations of M and K in such
a way that the parallel forms are anti-self-dual. Let us choose the local
Spin(7) frame above such that ωi for i = 1, 2, 3, 4 are a local Sp(1)
frame for M and ωm for m = 5, 6, 7, 8 are a local Sp(1) frame for K.
Relative to this frame we can choose the anti-self-dual forms onM and
K to be given respectively by the following expressions:
I1 = ω12 − ω34 Iˆ1 = ω56 − ω78
I2 = ω13 + ω24 Iˆ2 = ω57 + ω68 (25)
I
3 = ω13 − ω23 Iˆ3 = ω58 − ω67 .
In terms of these forms, the Spin(7)-invariant four-form Ω is given by
Ω = −1
6
Iα ∧ Iα − 1
6
Iˆα ∧ Iˆα + Aαβ Iα ∧ Iˆβ , (26)
where the matrix Aαβ is given by A =
(
0 0 1
0 1 0
−1 0 0
)
∈ SO(3). Any other
choice of Iα or Iˆα, consistent with the fact that they are a hyperka¨hler
structure, is obtained from the one in (25) by an SO(3) rotation. The
expression for Ω in terms of the new Iα and Iˆα would then be given
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by (26) but where the matrix A goes over to LARt, where L and R
are matrices in SO(3). In other words, A becomes an arbitrary SO(3)
matrix itself.
In Appendix C (see equation (33)) it is shown that the first three
instanton equations in (24) can be rewritten as
F · Iα = Aαβ F · Iˆβ ,
where F · Iα ≡ FijIαij and similarly for F · Iˆα. Under a rescaling of the
metric in K by ε, these equations scale as
ε F · Iα = Aαβ F · Iˆβ , (27)
whence the limit ε→ 0 implies that F · Iˆα = 0 for all α. In other words,
in the limit of shrinking K, for each point x ∈ M , the components of
F along K are self-dual and hence define an instanton. Therefore the
map x 7→ AK(x, y) induces a map φ=[AK ] : M → MK , which the
remaining octonionic instanton equations will constrain as follows.
As shown in Appendix C (see equation (34)) the last four instanton
equations in (24) can be written as follows:
Fim = Aαβ I
α
ijFjnIˆ
β
nm . (28)
In order to be able to interpret these equations in terms of the map
φ : M →MK , we first expand the field strength:
Fim = ∂iAm −DmAi .
Plugging this back into (28) we obtain
∂iAm −DmAi = AαβIαij (∂jAn −DnAj) Iˆβnm .
We now break up ∂iAm as in (22) and rewrite this equation as
∂iφ
AδAAm − AαβIαij∂jφAδAAnIˆβnm
= Dm (Ai − ǫi)− AαβIαij IˆβnmDn (Aj − ǫj) .
We now contract with δBAm and integrate over K to obtain
∂iφ
AGAB + AαβI
α
ij∂jφ
AJ
β
AB = 0 , (29)
where we have used the expressions (40) for the metric GAB and (41)
for the complex structure JβAB on M, as well as the identities (37) and
(39). Finally we can multiply both sides of equation (29) with the
inverse metric to obtain
∂iφ
A = −Aαβ Iαij ∂jφB JβBA ,
which is precisely the triholomorphicity condition (19) on the map φ :
M →MK making it a hyperinstanton.
Conversely, a triholomorphic map φ : M → MK lifts to a map
Am : M → A+. The variations ∂iAm do not necessarily obey Gauss’s
law (39), but there exist gauge parameters ǫi such that ∂iAm − Dmǫi
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do. It is easy to see that if φ is triholomorphic, then the pair (ǫi, Am),
understood as a connection on M ×K, obeys the second set of octo-
nionic instanton equations (34). The first set of equations (33) is not
obeyed because Am are self-dual connections; but as we saw, under a
conformal rescaling of K, this is a limit of solutions of (33). Therefore
one can argue that in a neighbourhood of (ǫi, Am) there is a solution
of the rescaled equations (27) at least for ǫ small enough.
In other words, we have shown that there is a one-to-one correspon-
dence between triholomorphic maps M → MK (hyperinstantons) and
octonionic instantons on M ×K in the limit when K shrinks to zero
size. The correspondence follows from an equivalence of cohomological
theories obtained from SYM9+1 by dimensional reduction.
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Appendix A. Supersymmetry of the sigma model
In this appendix we derive the factors in front of the fermionic terms
in the lagrangian (6) for the supersymmetric sigma model. The action
(6) is determined essentially by supersymmetry alone. Let us write the
lagrangian L as a sum of three terms
L = L(0) + L(2) + L(4) ,
where
L(0) = 1
2
gij∂Mφ
i∂Mφj
L
(2) = αωabΨ¯
aΓˆMDMΨ
b
L(4) = βΩabcd(Ψ¯
aΓˆMΨ
b)(Ψ¯cΓˆMΨd) ,
and α and β are parameters to be determined. The supersymmetry
transformations (7) contain terms of orders −1 and 1 in the fermions:
δε = δ
(−1) + δ(1). Invariance under supersymmetry means that up to a
total derivative the following cancellations must take place:
δ(1)L(0) + δ(−1)L(2) = 0
δ(1)L(2) + δ(−1)L(4) = 0
δ(1)L(4) = 0 .
The first and last identities do not require any special tricks: the first
one simply fixes α = 1
2
; whereas the last one is true for any β by virtue
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of the Bianchi identity for the curvature tensor. The middle identity is
the crucial one, as it will fix β. After some calculation, one finds
δ(1)L(2) = 1
2
Rˆij ac∂Mφ
jγiAdε¯
AΨd Ψ¯aΓˆMΨc ,
which after using (5) becomes
δ(1)L(2) = 1
2
Ωabcd∂Mφ
iγAai Ψ¯
bΓˆMΨc Ψ¯dεA .
On the other hand, we have that
δ(−1)L(4) = 4βΩabcd∂Mφ
iγAai Ψ¯
bΓˆNΨ
c Ψ¯dΓˆN ΓˆMεA .
Therefore we are a Fierz away from being able to compare them. The
required Fierz identity is the following:
ΨaΨ¯b = 1
8
Ψ¯bΓˆMΨ
a ΓˆM(1− Γˆ7)− 18 13!Ψ¯bΓˆMNPΨaΓˆMNP .
Notice the important fact that the first term in the right hand side is
symmetric in a and b, whereas the second term is antisymmetric. Using
this fact we find that
δ(1)L(2) = 1
12
Ωabcd∂Mφ
iγAai Ψ¯
bΓˆNΨc Ψ¯dΓˆN ΓˆMεA .
In other words, this will cancel the contribution from L(4) provided
that β = − 1
48
as in (6). Notice that this corrects a ‘typo’ in an earlier
version of [18].
Appendix B. Expression for Kmn ij
The object Kmn ij was defined in (16) and obeys relations coming
from (12). The second equation in (12) says that it is self-dual on its
two M indices, whereas the first equation says that it is self-dual on
its two X indices. From this fact it follows that the most general form
for K is given by
Kmn ij = −AαβIαmnIˆβij ,
for some coefficients Aαβ . From the fact that the complex structures
satisfy
Iα ◦ Iβ = ǫαβγIγ − δαβ1 and Iˆα ◦ Iˆβ = ǫαβγ Iˆγ − δαβ1 ,
we see that equation (14) implies the following equations on Aαβ :
AαβAαβ = 3 and ǫαγηǫβδθAαβAγδ = 2Aηθ . (30)
It is easy to see that these equations are solved by Aαβ = δαβ and
that the tangent space to the solution space at that point is three-
dimensional and given by antisymmetric matrices. Moreover it is also
easy to show that if Aαβ and Bαβ are solutions then so is their product
AαβBβγ. It follows therefore that elements of SO(3) solve these equa-
tions. As we now show these are the only solutions. We will offer two
proofs: one short and slick, and one elementary.
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Lemma 1. A 3 × 3 matrix Aαβ solves equation (30) if and only if it
is special orthogonal.
Slick proof. Let eα be a basis for R
3 turned into a Lie algebra iso-
morphic to so(3) under the cross product. Given Aαβ define a map
A : R3 → R3 by A(eα) = Aβαeβ, which by the second equation in (30)
is a Lie algebra homomorphism. Because so(3) is simple, A is either
an automorphism or the zero map. The first equation in (30) discards
this latter possibility. Because so(3) is simple, its automorphism group
is the adjoint group SO(3). Finally, any Aαβ ∈ SO(3) satisfies the first
equation in (30).
Elementary proof. Expanding the ǫ symbols in the second equation in
(30) we get the following equation
A
2 − σ1A+ 12(σ21 − σ2) = At ,
where σi = TrA
i and A = [Aαβ ] is a 3 × 3 matrix. Multiplying both
sides of this equation with A either on the left or on the right and
comparing with with the characteristic equation for a 3× 3 matrix,
A
3 − σ1A2 + 12(σ21 − σ2)A− (DetA) 1 = 0 ,
we see that AtA = AAt = (DetA) 1. Taking the trace and using the
first equation in (30), we see that DetA = 1 and that AtA = AAt = 1;
whence A ∈ SO(3).
Appendix C. The octonionic instanton equations on M ×K
In this appendix we rewrite the Spin(7) instanton equation (23) for
the explicit Ω built out of the hyperka¨hler structures of M and K and
given by equation (26). The octonionic instanton equation (23) can be
rewritten more invariantly as
F = ⋆(Ω ∧ F ) , (31)
and it is this equation that we will work with. We start by writing
all forms into components relative to the the Sp(1) structures of M
and K. We will let i, j, k, l running from 1 to 4 be “flat” indices on
M . Similarly m,n, p, q running from 5 to 8 are “flat” indices of K.
Indices a, b, c, d are “flat” indices of M ×K and run from 1 to 8. For
the hyperka¨hler structures Iα and Iˆα we have
Iα = 1
2
Iαabω
ab = 1
2
Iαijω
ij and Iˆα = 1
2
Iˆαabω
ab = 1
2
Iˆαmnω
mn .
Similarly for the field strength we have F = 1
2
Fabω
ab. In terms of these
components and taking into account (26), the octonionic instanton
equation (31) becomes
Fab = − 148ǫabcdefghIαcdIαefFgh − 148ǫabcdefghIˆαcdIˆαefFgh
+ 1
8
ǫabcdefghAαβI
α
cdIˆ
β
efFgh . (32)
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We now specialise the indices. Letting (ab) = (ij) we find
Fij = − 148ǫijmnpqklIˆαmnIˆαpqFkl + 18ǫijklmnpqAαβIαklIˆβmnFpq .
Using ǫijklmnpq = ǫijklǫmnpq and the anti-self-duality of I
α and Iˆα we
arrive at
Fij =
1
24
ǫijklIˆ
α
mnIˆ
α
mnFkl +
1
2
AαβI
α
ij Iˆ
β
mnFmn .
Using that Iα · Iβ = 4δαβ and similarly for Iˆα, we see that Iˆα · Iˆα = 12,
whence
Fij − 12ǫijklFkl = 12AαβIαij Iˆβ · F .
The left-hand side of this equation is twice the anti-self-dual part of
Fij . Therefore it can be written as a linear combination of the I
α.
Contracting with Iα we finally arrive at
Iα · F = Aαβ Iˆβ · F . (33)
It is easy to see that specialising (ab) = (mn) yields the same equations
and that these equations are precisely the first three equations of (24).
Now let (ab) = (im) in (32). Only the third term in the right-hand
side contributes now and we find
Fim = −14ǫijklǫmnpqAαβIαjkIˆβnpFlq .
Using the anti-self-duality of Iα and Iˆα, we finally arrive at
Fim = Aαβ I
α
ijFjnIˆ
β
nm . (34)
Appendix D. The local geometry of the moduli space MK
In this appendix we review the basic formalism concerning the local
geometry (metric and hyperka¨hler structure) of the instanton moduli
space MK of a four-dimensional hyperka¨hler manifold.
On K we have a metric gK and a chosen hyperka¨hler structure con-
sisting of a triplet Iˆα of complex structures satisfying the algebra of
imaginary quaternions. The associated Ka¨hler two-forms are anti-self-
dual. Choose a gauge bundle P over K and let A denote the space
of connections. It is foliated by the group G of gauge transformations
and the orbit space C ≡ A/G is the physical configuration space of
the gauge theory. Let A+ denote the space of self-dual connections.
Because self-duality is a gauge invariant concept, G acts on A+ and
the orbit space MK ≡ A+/G is the moduli space of instantons. It is a
well-known fact that MK inherits a hyperka¨hler metric. This follows
either from an infinite-dimensional hyperka¨hler quotient construction
as in [21] or by more pedestrian means (see, e.g., [22]). It also follows
from supersymmetry as explained in Section 5.1.
Because K is hyperka¨hler we can reduce the group of the tangent
bundle to Sp(1) ⊂ SO(4). This means that we can choose local frames
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em, for m = 1, 2, 3, 4 which on overlaps are related via Sp(1) transfor-
mations. We let ωm denote the dual coframe and will use the shorthand
ωmn···p = ωm∧ωn∧· · ·∧ωp. Relative to this frame a connection has com-
ponents Am. The metric relative to this frame is “flat” 〈em, en〉 = δmn.
The Ka¨hler forms have components Iˆα = 1
2
Iˆαmnω
mn.
The study of the local geometry ofM ≡MK starts with a description
of its tangent space. As usual with orbit spaces it is convenient to think
of them as sitting inside the “top” space (A+ in this case) via a slice.
A+ is a subspace of A and it is from A that it inherits its geometry.
We must therefore start with A.
The space A of connections is an infinite-dimensional affine space
modelled on the Lie algebra valued one-forms on K. On this space
there is a natural inner product, which induces a metric on A:
〈δ1A, δ2A〉 =
∫
K
Tr δ1A ∧ ⋆δ2A =
∫
K
d4y
√
gK Tr δ1Amδ2Am , (35)
where δiA are Lie algebra valued one-forms.
Now let A ∈ A+ be a self-dual connection. The tangent vectors
TAA+ to A+ at A are precisely those Lie algebra valued one-forms
δA ∈ TAA which obey the linearised self-duality equations:
DmδAn −DnδAm + ǫmnpqDpδAq = 0 . (36)
In terms of the anti-self-dual Ka¨hler forms this is equivalent to
IˆαmnDmδAn = 0 for all α. (37)
We say that a connection is irreducible if there are no nontrivial
solutions ǫ to Dmǫ = 0. At an irreducible self-dual connection A,
TAA+ breaks up into
TAA+ = TAO⊕ TAS , (38)
where O ∼= G is the gauge orbit through A and S is the slice at A
through the action of the gauge group. The slice is locally isomorphic
to the moduli space M and the map sending a gauge field A to its
gauge equivalence class [A] identifies the two: TAS ∼= T[A]M. The
tangent space to the gauge orbit at A can be identified with those Lie
algebra valued one-forms δA which take the form of an infinitesimal
gauge transformation δAm = Dmǫ. They are automatically tangent
to A+—that is, they satisfy the linearised self-duality equation (36).
The tangent space to the slice (and by identification, to the moduli
space) are those Lie algebra valued one-forms δA which obey (36) and
also which are orthogonal to the gauge orbits. This last condition is
precisely Gauss’s Law:
DmδAm = 0 . (39)
The metric onM is obtained from the metric on A as follows: given two
tangent vectors to M at [A] lift them to Lie-algebra valued one-forms
satisfying equations (36) and (39) and then use (35). Explicitly, let δAA
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for A = 1, 2, . . . , dimM be Lie algebra valued one-forms satisfying (36)
and (39) and assume that they define a local frame for M. Then the
metric relative to this frame is given by
GAB =
∫
K
d4y
√
gK Tr δAAmδBAm . (40)
In other words, the metric on M is defined in such a way that the
map taking a self-dual connection to its gauge equivalence class is a
riemannian submersion.
It is possible to show that the metric (40) is hyperka¨hler. In fact, the
hyperka¨hler structure is inherited from that of K. Define the following
two-forms on M
JαAB =
∫
K
d4y
√
gK Iˆ
α
mn Tr δAAnδBAm . (41)
It can be shown that Jα define a hyperka¨hler structure on M.
References
[1] BS Acharya, JM Figueroa-O’Farrill, M O’Loughlin, and B Spence, Euclidean
D-branes and higher dimensional gauge theory, hep-th/9707118.
[2] BS Acharya, M O’Loughlin, and B Spence, Higher dimensional analogues of
Donaldson–Witten theory, Nucl. Phys. B503 (1997), 657, hep-th/9705138.
[3] D Anselmi and P Fre`, Topological σ-models in four dimensions and triholo-
morphic maps, Nucl. Phys. B416 (1994), 255–300, hep-th/9306080.
[4] T Banks, W Fischler, SH Shenker, and L Susskind, M theory as a matrix
model: a conjecture, Phys. Rev. D55 (1997), 5112, hep-th/9610043.
[5] L Baulieu, H Kanno, and IM Singer, Cohomological Yang–Mills theory in eight
dimensions, hep-th/9705127.
[6] L Baulieu, H Kanno, and IM Singer, Special quantum field theories in eight
and other dimensions, hep-th/9704167.
[7] K Becker, M Becker, and A Strominger, Fivebranes, membranes and non-
perturbative string theory, Nucl. Phys. 456 (1995), 130, hep-th/9509175.
[8] M Bershadsky, A Johansen, V Sadov, and C Vafa, Topological reduction of 4d
SYM to 2d σ–models, Nucl. Phys. B448 (1995), 166, hep-th/9501096.
[9] M Bershadsky, V Sadov, and C Vafa, D-branes and topological field theory,
Nucl. Phys. B463 (1996), 420, hep-th/9511222.
[10] M Blau and G Thompson, Euclidean SYM theories by time reduction and
special holonomy manifolds, hep-th/9706225.
[11] M Blau and G Thompson, Aspects of NT ≥ 2 topological gauge theories and
D-branes, Nucl. Phys. B492 (1997), 545–590, hep-th/9612143.
[12] E Corrigan, C Devchand, DB Fairlie, and J Nuyts, First-order equations for
gauge fields in spaces of dimension greater than four, Nucl. Phys.B214 (1983),
452–464.
[13] SK Donaldson and RP Thomas, Gauge theory in higher dimensions, Oxford
Preprint, 1996.
[14] S Dostoglou and DA Salamon, Instanton homology and symplectic fixed points,
Symplectic Geometry (DA Salamon, ed.), London Mathematical Society Lec-
ture Note Series, no. 192, Cambridge University Press, 1993, pp. 57–93.
[15] S Dostoglou and DA Salamon, Self-dual instantons and holomorphic curves,
Ann. of Math. 139 (1994), 581–640.
26 FIGUEROA-O’FARRILL, KO¨HL, AND SPENCE
[16] JM Figueroa-O’Farrill, Gauge theory and the division algebras,
hep-th/9710168.
[17] JM Figueroa-O’Farrill, A Imaanpur, and J McCarthy, Supersymmetry and
gauge theory in Calabi–Yau 3-folds, hep-th/9709178.
[18] JM Figueroa-O’Farrill, C Ko¨hl, and B Spence, Supersymmetry and the co-
homology of (hyper)ka¨hler manifolds, Nucl. Phys. B503 (1997), 614–626,
hep-th/9705161.
[19] FR Harvey, Spinors and calibrations, Academic Press, 1990.
[20] FR Harvey and HB Lawson, Calibrated geometries, Acta Math. 148 (1982),
47–157.
[21] NJ Hitchin, A Karlhede, U Lindstro¨m, and M Rocˇek, Hyperka¨hler metrics and
supersymmetry, Comm. Math. Phys. 108 (1987), 535–589.
[22] M Itoh, Quaternion structures on the moduli space of Yang–Mills connections,
Math. Ann. 276 (1987), 581–593.
[23] HB Lawson and ML Michelsohn, Spin geometry, Princeton University Press,
1989.
[24] RP Thomas, Gauge theory on Calabi–Yau manifolds, Ph.D. thesis, Oxford
University, 1997.
[25] RS Ward, Completely solvable gauge-field equations in dimension greater than
four, Nucl. Phys. B236 (1984), 381–396.
Department of Physics
Queen Mary and Westfield College
University of London
London E1 4NS, UK
E-mail address : j.m.figueroa@qmw.ac.uk
E-mail address : c.koehl@qmw.ac.uk
E-mail address : b.spence@qmw.ac.uk
